Affine parts of abelian surfaces as complete intersection of three
  quartics by Lesfari, A.
ar
X
iv
:0
70
6.
32
67
v1
  [
nli
n.S
I] 
 22
 Ju
n 2
00
7
Ane parts of abelian surfaes as omplete
intersetion of three quartis
A. Lesfari
Department of Mathematis
Faulty of Sienes
University of Chouaïb Doukkali
B.P. 20, El-Jadida, Moroo.
E. mail : Lesfariahmedyahoo.fr, Lesfariud.a.ma
Abstrat
We onsider an integrable system in ve unknowns having three
quartis invariants. We show that the omplex ane variety dened
by putting these invariants equal to generi onstants, ompletes into
an abelian surfae; the jaobian of a genus two hyperellipti urve.
This system is algebrai ompletely integrable and it an be integrated
in genus two hyperellipti funtions.
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1 Introdution
The problem of nding and integrating hamiltonian systems, has attrated
a onsiderable amount of attention in reent years. Beside the fat that
many integrable hamiltonian systems have been on the subjet of powerful
and beautiful theories of mathematis, another motivation for its study is:
the onepts of integrability have been applied to an inreasing number of
physial systems, biologial phenomena, population dynamis, hemial rate
equations, to mention only a few. However, it seems still hopeless to desribe
or even to reognize with any faility, those hamiltonian systems whih are
integrable, though they are quite exeptional. In this paper, we shall be
onerned with nite dimensional algebrai ompletely integrable systems.
A dynamial system is algebrai ompletely integrable if it an be linearized
on a omplex algebrai torus C
n/lattice (=abelian variety). The invariants
(often alled rst integrals or onstants) of the motion are polynomials and
the phase spae oordinates (or some algebrai funtions of these) restrited
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to a omplex invariant variety dened by putting these invariants equals to
generi onstants, are meromorphi funtions on an abelian variety. More-
over, in the oordinates of this abelian variety, the ows (run with omplex
time) generated by the onstants of the motion are straight lines. However,
besides the fat that many hamiltonian ompletely integrable systems posses
this struture, another motivation for its study whih sounds more modern
is: algebrai ompletely integrable systems ome up systematially whenever
you study the isospetral deformation of some linear operator ontaining a
rational indeterminate. Therefore there are hidden symmetries whih have
a group theoretial foundation. The onept of algebrai omplete integra-
bility is quite eetive in small dimensions and has the advantage to lead
to global results, unlike the existing riteria for real analyti integrability,
whih, at this stage are perturbation results. In fat, the overwhelming
majority of dynamial systems, hamiltonian or not, are non-integrable and
possess regimes of haoti behavior in phase spae. In the present paper, we
disuss an interesting interation between omplex algebrai geometry and
dynamial systems. we present an integrable system in ve unknowns having
three quartis invariants. This system is algebrai ompletely integrable in
C
5, it an be integrated in genus 2 hyperellipti funtions. We show that
the omplex ane variety B(3) dened by putting these invariants equal to
generi onstants, is a double over of a Kummer surfae and the system
(1) an be integrated in genus 2 hyperellipti funtions. We make a are-
ful study of the algebrai geometri aspet of the ane variety B(3) of the
system (1). We nd via the Painlevé analysis the prinipal balanes of the
hamiltonian eld dened by the hamiltonian. To be more preise, we show
that the system (1) possesses Laurent series solutions in t, whih depend on
4 free parameters : α, β, γ and θ. These meromorphi solutions restrited to
the surfae B(3) are parameterized by two isomorphi smooth hyperellipti
urves Hε=±i(8) of genus 2 that interset in only one point at whih they
are tangent to eah other. The ane variety B(3) is embedded into P15 and
ompletes into an abelian variety B˜ (the jaobian of a genus 2 urve) by
adjoining a divisor D = Hi + H−i. The latter has geometri genus 5 and
S = 2D (very ample) has genus 17. The ow (1) evolves on B˜ and is tan-
gent to eah hyperellipti urve Hε at the point of tangeny between them.
Consequently, the system (1) is algebrai integrable.
Abelian varieties, very heavily studied by algebrai geometers, enjoy er-
tain algebrai properties whih an then be translated into dierential equa-
tions and their Laurent solutions. Among the results presented in this paper,
there is an expliit alulation of invariants for a hamiltonian system whih
ut out an open set in an abelian variety and various urves related to this
system are given expliitly. The integrable dynamial system presented here
is interesting, partiular to experts of abelian varieties who may want to see
expliit examples of a orrespondene for varieties dened by dierent urves.
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2 A ve-dimensional integrable system
Let us onsider the following system of ve dierential equations in the
unknowns z1, . . . , z5 :
z˙1 = 2z4,
z˙2 = z3,
z˙3 = −4az2 − 6z1z2 − 16z32 , (1)
z˙4 = −az1 − z21 − 8z1z22 + z5,
z˙5 = −8z22z4 − 2az4 − 2z1z4 + 4z1z2z3,
where the dot denotes dierentiation with respet to the time t.
Proposition 2.1 The system (1) possesses three quarti invariants and is
ompletely integrable in the sense of Liouville. The omplex ane variety
B(3) dened by putting these invariants equal to generi onstants, is a double
over of a Kummer surfae(4) and the system (1) an be integrated in genus
2 hyperellipti funtions.
Proof. The following three quartis are onstants of motion for this system
F1 =
1
2
z5 + 2z1z
2
2 +
1
2
z23 +
1
2
az1 + 2az
2
2 +
1
4
z21 + 4z
4
2 ,
F2 = az1z2 + z
2
1z2 + 4z1z
3
2 − z2z5 + z3z4, (2)
F3 = z1z5 − 2z21z22 − z24 .
The system (1) an be written as a hamiltonian vetor eld
z˙ = J
∂H
∂z
, z = (z1, z2, z3, z4, z5)
⊤,
where H = F1. The hamiltonian struture is dened by the Poisson braket
{F,H} =
〈
∂F
∂z
, J
∂H
∂z
〉
=
5∑
k,l=1
Jkl
∂F
∂zk
∂H
∂zl
,
where
∂H
∂z
= (
∂H
∂z1
,
∂H
∂z2
,
∂H
∂z3
,
∂H
∂z4
,
∂H
∂z5
)⊤,
and
J =

0 0 0 2z1 4z4
0 0 1 0 0
0 −1 0 0 −4z1z2
−2z1 0 0 0 2z5 − 8z1z22
−4z4 0 4z1z2 −2z5 + 8z1z22 0
 ,
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is a skew-symmetri matrix for whih the orresponding Poisson braket
satises the Jaobi identities. The seond ow ommuting with the rst is
regulated by the equations
z˙ = J
∂F2
∂z
, z = (z1, z2, z3, z4, z5)
⊤,
and is written expliitly as
z˙1 = 2z1z3 − 4z2z4,
z˙2 = z4,
z˙3 = z5 − 8z1z22 − az1 − z21 ,
z˙4 = −2az1z2 − 4z21z2 − 2z2z5,
z˙5 = −4az2z4 − 4z1z2z4 − 16z32z4 − 2z3z5 + 8z1z22z3.
These vetor elds are in involution, i.e.,
{F1, F2} = 〈∂F1
∂z
, J
∂F2
∂z
〉 = 0,
and the remaining one is asimir, i.e.,
J
∂F3
∂z
= 0.
Let B be the omplex ane variety dened by
B =
2⋂
k=1
{z : Fk(z) = ck} ⊂ C5. (3)
Sine B is the bre of a morphism from C5 to C3 over (c1, c2, c3) ∈ C3, for
almost all c1, c2, c3, therefore B is a smooth ane surfae. Note that
σ : (z1, z2, z3, z4, z5) 7−→ (z1, z2,−z3,−z4, z5),
is an involution on B. The quotient B/σ is a Kummer surfae dened by
p (z1, z2) z
2
5 + q (z1, z2) z5 + r (z1, z2) = 0, (4)
where
p (z1, z2) = z
2
2 + z1,
q (z1, z2) =
1
2
z31 + 2az1z
2
2 + az
2
1 − 2c1z1 + 2c2z2 − c3,
r (z1, z2) = −8c3z42 +
(
a2 + 4c1
)
z21z
2
2 − 8c2z1z32 − 2c2z21z2 − 4c3z1z22
−1
2
c3z
2
1 − 4ac3z22 − 2ac2z1z2 − ac3z1 + c22 + 2c1c3.
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Using F1 = c1 (2), we have
z5 = 2c1 − 4z1z22 − z23 − az1 − 4az22 −
1
2
z21 − 8z42 ,
and substituting this into F2 = c2, F3 = c3, (2) yields
2az1z2 +
3
2
z21z2 + 8z1z
3
2 − 2c1z2 + z2z23 + 4az32 + 8z52 + z3z4 = c2,
2c1z1 − 6z21z22 − z1z23 − az21 − 4az1z22 −
1
2
z31 − 8z1z42 − z24 = c3. (5)
We introdue two oordinates s1, s2 as follows
z1 = −4s1s2,
z2 = s1 + s2,
z3 = s˙1 + s˙2,
z4 = −2 (s˙1s2 + s1s˙2) .
Upon substituting this parametrization, (5) turns into
(s1 − s2)
(
(s˙1)
2 − (s˙2)2
)
+ 8 (s1 + s2)
(
s41 + s
4
2 + s
2
1s
2
2
)
+4a (s1 + s2)
(
s21 + s
2
2
)− 2c1 (s1 + s2)− c2 = 0,
(s1 − s2)
(
s2(s˙1)
2 − s1(s˙2)2
)
+ 32s1s2
(
s41 + s
4
2 + s
2
1s
2
2
)
+32s21s
2
2
(
s21 + s
2
2
)
+ 16as1s2
(
s21 + s
2
2
)
+ 16as21s
2
2 − 8c1s1s2 − c3 = 0.
These equations are solved linearly for s˙21 and s˙
2
2 as
(s˙1)
2 =
−32s61 − 16as41 + 8c1s21 + 4c2s1 − c3
4 (s2 − s1)2
, (6)
(s˙2)
2 =
−32s62 − 16as42 + 8c1s22 + 4c2s2 − c3
4 (s2 − s1)2
,
and an be integrated by means of the Abel transformation H −→ Jac(H),
where the hyperellipti urve H of genus 2 is given by an equation
w2 = −32s6 − 16as4 + 8c1s2 + 4c2s− c3.
Consequently, the equations (1) are integrated in terms of genus 2 hyperel-
lipti funtions. This establishes the proposition.
3 Laurent series solutions and algebrai urves
The invariant variety B(3) is a smooth ane surfae for generi values of
c1, c2 and c3. So, the question I address is how does one nd the ompat-
iation of B into an abelian surfae? Following the methods in Adler-van
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Moerbeke [1℄, the idea of the diret proof is losely related to the geometri
spirit of the (real) Arnold-Liouville theorem [8]. Namely, a ompat omplex
n-dimensional variety on whih there exist n holomorphi ommuting vetor
elds whih are independent at every point is analytially isomorphi to a
n-dimensional omplex torus Cn/Lattice and the omplex ows generated
by the vetor elds are straight lines on this omplex torus. Now, the main
problem will be to omplete B (3) into a non singular ompat omplex al-
gebrai variety B˜ = B ∪ D in suh a way that the vetor elds XF1 and
XF2 generated respetively by F1 and F2, extend holomorphially along a
divisor D and remain independent there. If this is possible, B˜ is an algebrai
omplex torus (an abelian variety) and the oordinates z1, . . . , z5 restrited
to B are abelian funtions. A naive guess would be to take the natural
ompatiation B of B by projetivizing the equations:
B =
3⋂
k=1
{Fk(Z) = ckZ40} ⊂ P5.
Indeed, this an never work for a general reason : an abelian variety B˜ of
dimension bigger or equal than two is never a omplete smooth intersetion,
that is it an never be desribed in some projetive spae P
n
by ndim B˜
global polynomial homogeneous equations. In other words, if B is to be the
ane part of an abelian surfae, B must have a singularity somewhere along
the lous at innity B∩{Z0 = 0} . In fat, we shall show that the existene of
meromorphi solutions to the dierential equations (1) depending on 4 free
parameters an be used to manufature the tori, without ever going through
the deliate proedure of blowing up and down. Information about the tori
an then be gathered from the divisor.
Proposition 3.1 The system (1) possesses Laurent series solutions whih
depend on 4 free parameters : α, β, γ and θ. These meromorphi solutions
restrited to the surfae B(3) are parameterized by two isomorphi smooth
hyperellipti urves Hε=±i(8) of genus 2.
Proof. The rst fat to observe is that if the system is to have Laurent
solutions depending on 4 free parameters, the Laurent deomposition of suh
asymptoti solutions must have the following form
z1 =
1
t
(z
(0)
1 + z
(1)
1 t+ z
(2)
1 t
2 + z
(3)
1 t
3 + z
(4)
1 t
4 + · · · ),
z2 =
1
t
(z
(0)
2 + z
(1)
2 t+ z
(2)
2 t
2 + z
(3)
2 t
3 + z
(4)
2 t
4 + · · · ),
z3 =
1
t2
(−z(0)2 + z(2)2 t2 + 2z(3)2 t3 + 3z(4)2 t4 + · · · ),
z4 =
1
2t2
(−z(0)1 + z(2)1 t2 + 2z(3t)1 t3 + 3z(4)1 t4 + · · · ),
z5 =
1
t3
(z
(0)
5 + z
(1)
5 t+ z
(2)
5 t
2 + z
(3)
5 t
3 + z
(4)
5 t
4 + · · · ).
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Putting these expansions into
z¨1 = −2az1 − 2z21 − 16z1z22 + 2z5,
z¨2 = −4az2 − 6z1z2 − 16z32 ,
z˙5 = −8z22z4 − 2az4 − 2z1z4 + 4z1z2z3,
dedued from (1), solving indutively for the z
(j)
k (k = 1, 2, 5), one nds at the
0th step (resp. 2th step) a free parameter α (resp. β) and the two remaining
ones γ, θ at the 4th step. More preisely, we have
z1 =
1
t
(α − α2t+ βt2 + 1
6
α(3β − 9α3 + 4aα)t3 + γt4 + · · · ),
z2 =
ε
√
2
4t
(1 + αt+
1
3
(−3α2 + 2a)t2 + 1
2
(3β − α3)t3 − 2ε
√
2θt4 + · · · ),
z3 =
ε
√
2
4t2
(−1 + 1
3
(−3α2 + 2a)t2 + (3β − α3)t3 − 6ε
√
2θt4 + · · · ), (7)
z4 =
1
2t2
(−α+ βt2 + 1
3
α(3β − 9α3 + 4aα)t3 + 3γt4 + · · · ),
z5 =
1
t
(−1
3
aα+ α3 − β + (3α4 − aα2 − 3αβ)t
+(4ε
√
2αθ + 2γ +
8
3
aα3 − 1
3
aβ − α2β − 3α5 − 4
9
a2α)t2 + · · · ),
with ε = ±i. Using the majorant method, we an show that the formal
Laurent series solutions are onvergent. Substituting the solutions (7) into
F1 = c1, F2 = c2 and F3 = c3, and equating the t
0
-terms yields
F1 =
15
8
α4 − 5
6
aα2 − 5
4
αβ − 7
36
a2 − 5
4
ε
√
2θ = c1,
F2 = ε
√
2(
1
4
α5 − γ + ε
√
2
2
αθ − 2
3
aα3 +
1
3
aβ +
1
6
a2 +
1
2
α2β) = c2,
F3 = −11
2
α6 − β2 + 4αγ + 3α2ε
√
2θ + α3β − 1
3
a2α2 +
10
3
aα4 = c3.
Eliminating γ and θ from these equations, leads to an equation onneting
the two remaining parameters α and β :
β2+
2
3
(3α2−2a)αβ−3α6+ 8
3
aα4+
4
9
(a2+9c1)α
2−2ε
√
2c2α+ c3 = 0, (8)
Aording to Hurwitz' formula, this denes two isomorphi smooth hyperel-
lipti urves Hε (ε = ±i) of genus 2, whih nishes the proof of the propo-
sition.
4 Ane part of an abelian surfae as the jaobian
of a genus two hyperellipti urve
In order to embed Hε into some projetive spae, one of the key underly-
ing priniples used is the Kodaira embedding theorem, whih states that a
7
smooth omplex manifold an be smoothly embedded into projetive spae
P
N
with the set of funtions having a pole of order k along positive divisor on
the manifold, provided k is large enough; fortunately, for abelian varieties,
k need not be larger than three aording to Lefshetz. These funtions are
easily onstruted from the Laurent solutions (7) by looking for polynomials
in the phase variables whih in the expansions have at most a k-fold pole.
The nature of the expansions and some algebrai proprieties of abelian va-
rieties provide a reipe for when to terminate our searh for suh funtions,
thus making the proedure implementable. Preisely, we wish to nd a set of
polynomial funtions {f0, . . . , fN}, of inreasing degree in the original vari-
ables z1, . . . , z5, having the property that the embedding D of Hi+H−i into
P
N
via those funtions satises the relation :
geometri genus(2D) ≡ g(2D) = N + 2.
A this point, it may be not so lear why the urve D must really live on
an abelian surfae. Let us say, for the moment, that the equations of the
divisor D (i.e., the plae where the solutions blow up), as a urve traed
on the abelian surfae B˜ (to be onstruted in proposition 4.2), must be
understood as relations onneting the free parameters as they appear rstly
in the expansions (7). In the present situation, this means that (8) must be
understood as relations onneting α and β. Let
L(r) =

polynomials f = f(z, . . . , z5)
of degre ≤ r, with at worst a
double pole along Hi +H−i
and with z1, . . . , z5 as in(7)
 /[Fk = ck, k = 1, 2, 3],
and let (f0, f1, . . . , fNr) be a basis of L
(r). We look for r suh that :
g(2D(r)) = Nr + 2, 2D(r) ⊂ PNr .
We shall show (proposition 4.1) that it is unneessary to go beyond r=4.
Lemma 4.1 The spaes L(r), nested aording to weighted degree, are gen-
erated as follows
L(1) = {f0, f1, f2, f3, f4, f5},
L(2) = L(1) ⊕ {f6, f8, f9, f10, f11, f12},
L(3) = L(2),
L(4) = L(3) ⊕ {f13, f14, f15}, (9)
where
f0 = 1, f1 = z1 =
α
t
+ . . . ,
8
f2 = z2 =
ε
√
2
t
+ . . . , f3 = z3 = −ε
√
2
4t2
+ . . . ,
f4 = z4 = − α
2t2
+ . . . , f5 = z5 = − η
3t
+ . . . ,
f6 = z
2
1 =
α2
t2
+ · · · , f7 = z22 = −
1
8t2
+ · · · ,
f8 = z
2
5 =
η2
9t2
+ · · · , f9 = z1z2 = ε
√
2α
4t2
+ · · · ,
f10 = z1z5 = −αη
3t2
+ · · · , f11 = z2z5 = −ε
√
2η
12t2
+ · · · ,
f12 = [z1, z2] = −ε
√
2α2
2t2
+ · · · , f13 = [z1, z5] = 4α
2η
3t2
+ · · · ,
f14 = [z2, z5] =
ε
√
2αη
6t2
+ · · · , f15 = (z3 − 2ε
√
2z22)
2 = − α
2
2t2
+ · · · ,
with
[zj , zk] = z˙jzk − zj z˙k,
the wronskien of zk and zj , and
η ≡ 3β − 3α3 + aα.
Proof. The proof of this lemma is straightforward and an be done by in-
spetion of the expansions (7). Note also that the funtions z1, z2, z5 behave
as 1/t and if we onsider the derivatives of the ratios z1/z2, z1/z5, z2/z5, the
wronskiens [z1, z2], [z1, z5], [z2, z5], must behave as 1/t
2
sine z22 , z
2
5 behave
as 1/t2. This nishes the proof of the lemma.
Note that
dimL(1) = 6, dimL(2) = dimL(3) = 13, dimL(4) = 16.
Proposition 4.1 L(4) provides an embedding of D(4) into projetive spae
P
15
and D(4) (resp. 2D(4)) has genus 5 (resp. 17).
Proof. It turns out that neither L(1), nor L(2), nor L(3), yields a urve of the
right genus; in fat
g(2D(r)) 6= dimL(r) + 1, r = 1, 2, 3.
For instane, the embedding into P
5
via L(1) does not separate the sheets, so
we proeed to L(2) and we onsider the orresponding embedding into P12.
For nite values of α and β, the urves Hi and H−i are disjoint; dividing the
vetor (f0, . . . , f12) by f7 and taking the limit t→ 0, to yield
[0 : 0 : 0 : 2ε
√
2 : 4α : 0 : −8α2 : 1 : −8
9
η2 : −2ε
√
2α :
8
3
αη :
2ε
√
2
3
η : 4ε
√
2α2].
9
The urve (8) has two points overing α = ∞, at whih η ≡ 3β − 3α3 + aα
behaves as follows :
η = −6α3 + 3aα ± 3
√
4α6 − 4aα4 − 4c1α2 + 2ε
√
2c2α− c3,
=
{
−3(a2+4c1)4α + lower order terms, piking the + sign,
−12α3+ O(α), piking the - sign.
Then by piking the - sign and by dividing the vetor (f0, . . . , f12) by f8, the
orresponding point is mapped into the point
[0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1 : 0 : 0 : 0 : 0],
in P
12
whih is independent of ε, whereas piking the + sign leads to two
dierent points, aording to the sign of ε. Thus, adding at least 2 to the
genus of eah urve, so that
g(2D(2))− 2 > 12, 2D(2) ⊂ P12 6= Pg−2,
whih ontradits the fat that
Nr = g(2D(2))− 2.
The embedding via L(2) (or L(3)) is unaeptable as well. Consider now the
embedding 2D(4) into P15 using the 16 funtions f0, . . . , f15 of L(4)(9). It
is easily seen that these funtions separate all points of the urve (exept
perhaps for the points at ∞) : The urves Hi and H−i are disjoint for nite
values of α and β; dividing the vetor (f0, . . . , f15) by f7 and taking the limit
t→ 0, to yield
[0 : 0 : 0 : 2ε
√
2 : 4α : 0 : −8α2 : 1 : −8
9
η2 : −2ε
√
2α :
8
3
αη :
2ε
√
2
3
η :
4ε
√
2α2 : −32
3
α2η : −4ε
√
2
3
αη : 4α2].
About the point α = ∞, it is appropriate to divide by g8; then by piking
the sign - in η above, the orresponding point is mapped into the point
[0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1 : 0 : 0 : 0 : 0 : 0 : 0 : 0],
in P
15
whih is independent of ε, whereas piking the + sign leads to two
dierent points, aording to the sign of ε. Hene, the divisor D(4) obtained
in this way has genus 5 and thus g(2D(4)) has genus 17 and
2D(4) ⊂ P15 = Pg−2,
as desired. This ends the proof of the proposition.
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Let
L = L(4), D = D(4),
and
S = 2D(4) ⊂ P15.
Next we wish to onstrut a surfae strip around S whih will support the
ommuting vetor elds. In fat, S has a good hane to be very ample
divisor on an abelian surfae, still to be onstruted.
Proposition 4.2 The variety B (3) generially is the ane part of an abelian
surfae B˜, more preisely the jaobian of a genus 2 urve. The redued divisor
at innity
B˜\B = Hi +H−i,
onsists of two smooth isomorphi genus 2 urves Hε(8). The system of dif-
ferential equations (1) is algebrai omplete integrable and the orresponding
ows evolve on B˜.
Proof. We need to attahes the ane part of the intersetion of the three
invariants (2) so as to obtain a smooth ompat onneted surfae in P
15
.
To be preise, the orbits of the vetor eld (1) running through S form a
smooth surfae Σ near S suh that
Σ\B ⊆ B˜,
and the variety
B˜ = B ∪Σ,
is smooth, ompat and onneted. Indeed, let
ψ(t, p) = {z(t) = (z1(t), . . . , z5(t)) : t ∈ C, 0 < |t| < ε},
be the orbit of the vetor eld (1) going through the point p ∈ S. Let
Σp ⊂ P15 be the surfae element formed by the divisor S and the orbits
going through p. Consider the urve
S ′ = H ∩Σ,
where H ⊂ P15 is a hyperplane transversal to the diretion of the ow and
Σ ≡ ∪p∈SΣp. If S ′ is smooth, then using the impliit funtion theorem the
surfae Σ is smooth. But if S ′ is singular at 0, then Σ would be singular
along the trajetory (t−axis) whih go immediately into the ane part B.
Hene, B would be singular whih is a ontradition beause B is the bre of
a morphism from C
5
to C
2
and so smooth for almost all the three onstants
of the motion ck. Next, let B be the projetive losure of B into P
5, let
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Z = [Z0 : Z1 : . . . : Z5] ∈ P5 and let I = B ∩ {Z0 = 0} be the lous at
innity. Consider the map
B ⊆ P5 −→ P15, Z 7−→ f(Z),
where f = (f0, f1, ..., f15) ∈ L(S)(9) and let B˜ = f(B). In a neighbourhood
V (p) ⊆ P15 of p, we have Σp = B˜ and Σp\S ⊆ B. Otherwise there would
exist an element of surfae Σ′p ⊆ B˜ suh that
Σp ∩ Σ′p = (t− axis), orbitψ(t, p) = (t− axis)\ p ⊆ B,
and hene B would be singular along the t−axis whih is impossible. Sine
the variety B ∩ {Z0 6= 0} is irreduible and sine the generi hyperplane
setion Hgen. of B is also irreduible, all hyperplane setions are onneted
and hene I is also onneted. Now, onsider the graph Γf ⊆ P5×P15 of the
map f, whih is irreduible together with B. It follows from the irreduibility
of I that a generi hyperplane setion Γf ∩{Hgen.×P15} is irreduible, hene
the speial hyperplane setion Γf ∩ {{Z0 = 0} × P15} is onneted and
therefore the projetion map
projP15{Γf ∩ {{Z0 = 0} × P15}} = f(I) ≡ S,
is onneted. Hene, the variety B ∪ Σ = B˜ is ompat, onneted and
embeds smoothly into P
15
via f. We wish to show that B˜ is an abelian
surfae equipped with two everywhere independent ommuting vetor elds.
For doing that, let φτ1 and φτ2 be the ows orresponding to vetor elds
XF1 and XF2 . The latter are generated respetively by F1 and F2. For p ∈ S
and for small ε > 0,
φτ1(p), ∀τ1, 0 < |τ1| < ε,
is well dened and φτ1(p) ∈ B. Then we may dene φτ2 on B by
φτ2(q) = φ−τ1φτ2φτ1(q), q ∈ U(p) = φ−τ1(U(φτ1(p))),
where U(p) is a neighbourhood of p. By ommutativity one an see that φτ2
is independent of τ1;
φ−τ1−ε1φτ2φτ1+ε1(q) = φ−τ1φ−ε1φτ2φτ1φε1 ,
= φ−τ1φτ2φτ1(q).
We arm that φτ2(q) is holomorphi away from S. This beause φτ2φτ1(q)
is holomorphi away from S and that φτ1 is holomorphi in U(p) and maps
bi-holomorphially U(p) onto U(φτ1(p)). Now, sine the ows φτ1 and φτ2
are holomorphi and independent on S, we an show along the same lines as
in the Arnold-Liouville theorem [1,6℄ that B˜ is a omplex torus C2/lattice
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and so in partiular B˜ is a Kähler variety. And that will done, by onsidering
the loal dieomorphism
C
2 −→ B˜, (τ1, τ2) 7−→ φτ1φτ2(p),
for a xed origin p ∈ B. The additive subgroup
{(τ1, τ2) ∈ C2 : φτ1φτ2(p) = p},
is a lattie of C
2
, hene
C
2/lattice −→ B˜,
is a biholomorphi dieomorphism and B˜ is a Kähler variety with Kähler
metri given by dτ1⊗dτ1+dτ2⊗dτ2. Now, a ompat omplex Kähler variety
having the required number as (its dimension) of independent meromorphi
funtions is a projetive variety [11℄. In fat, here we have B˜ ⊆ P15. Thus
B˜ is both a projetive variety and a omplex torus C2/lattice and hene
an abelian surfae as a onsequene of Chow theorem. By the lassiation
theory of ample line bundles on abelian varieties, B˜ ≃ C2/LΩ with period
lattie given by the olumns of the matrix(
δ1 0 a c
0 δ2 c b
)
, Im
(
a c
c b
)
> 0,
and
δ1δ2 = g(Hε)− 1 = 1,
implying δ1 = δ2 = 1. Thus B˜ is prinipally polarized and it is the jaobian
of the hyperellipti urve Hε. This ompletes the proof of the proposition.
Remark 4.1 We have seen that the reetion σ on the ane variety B
amounts to the ip
σ : (z1, z2, z3, z4, z5) 7−→ (z1, z2,−z3,−z4, z5),
hanging the diretion of the ommuting vetor elds. It an be extended
to the (-Id)-involution about the origin of C
2
to the time ip (t1, t2) 7→
(−t1,−t2) on B˜, where t1 and t2 are the time oordinates of eah of the
ows XF1 and XF2 . The involution σ ats on the parameters of the Laurent
solution (7) as follows
σ : (t, α, β, γ, θ, ε) 7−→ (−t,−α,−β,−γ,−θ,−ε),
interhanges the urves Hε=±i (8) and the linear spae L an be split into a
diret sum of even and odd funtions. Geometrially, this involution inter-
hanges Hi and H−i, i.e., H−i = σHi.
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Remark 4.2 Consider on B˜ the holomorphi 1-forms dt1 and dt2 dened by
dti(XFj ) = δij , where XF1 and XF2 are the vetor elds generated respetively
by F1 and F2. Taking the dierentials of ζ = 1/z1 and ξ = z1/z2 viewed as
funtions of t1 and t2, using the vetor elds and the Laurent series (7)
and solving linearly for dt1 and dt2, we obtain as expeted the hyperellipti
holomorphi dierentials
ω1 = dt1|Hε ,
=
1
△(
∂ξ
∂t2
dζ − ∂ζ
∂t2
dξ)|Hε ,
=
αdα√
P (α)
,
ω2 = dt2|Hε ,
=
1
△(
−∂ξ
∂t1
dζ − ∂ζ
∂t1
dξ)|Hε ,
=
√
2dα
2
√
P (α)
,
with
P (α) ≡ 4α6 − 4aα4 − 4c1α2 + 2ε
√
2c2α− c3,
and
∆ ≡ ∂ζ
∂t1
∂ξ
∂t2
− ∂ζ
∂t2
∂ξ
∂t1
.
The zeroes of ω2 provide the points of tangeny of the vetor eld XF1 to
Hε. We have ω1ω2 = −ε
√
2α, and XF1 is (doubly) tangent to Hε at the point
overing α =∞, i.e., where both the urves touh.
Referenes
[1℄ M. Adler, P. van Moerbeke. The omplex geometry of the Kowalewski-
Painlevé analysis. Invent. Math. 97 (1989) 3-51.
[2℄ A.I. Belokolos, V.Z. Bobenko, V.Z. Enol'skii, A.R. Its, V.B.
Matveev. Algebro-Geometri approah to nonlinear integrable equa-
tions. Springer-Verlag 1994.
[3℄ P.A. Griths, J. Harris. Priniples of algebrai geometry. Wiley-
Intersiene 1978.
[4℄ L. Haine. Geodesi ow on SO(4) and Abelian surfaes. Math. Ann.
263 (1983) 435-472.
[5℄ A. Lesfari. Abelian surfaes and Kowalewski's top. Ann. Sient. Éole
Norm. Sup. Paris sér. 4, 21 (1988) 193-223.
14
[6℄ A. Lesfari. Completely integrable systems : Jaobi's heritage. J. Geom.
Phys. 31 (1999) 265-286.
[7℄ A. Lesfari. Le théorème d'Arnold-Liouville et ses onséquenes. Elem.
Math. 58 (2003) 6-20.
[8℄ A. Lesfari. Analyse des singularités de quelques systèmes intégrables.
C.R. Aad. Si. Paris, Ser. I, 341 (2005) 85-88.
[9℄ A. Lesfari. Abelian varieties, surfaes of general type and integrable
systems. Beiträge Algebra Geom., Vol.48, 1 (2007) 95-114.
[10℄ B.G. Moishezon. On n-dimensional ompat varieties with n alge-
braially independent meromorphi funtions. Amer. Math. So. Transl.
63 (1967) 51-177.
[11℄ D. Mumford.On the equations dening abelian varieties I, II, III. Invent.
Math. 1 (1966) 287-354 ; 3 (1967) 75-135; 3 (1967) 215-244.
15
